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Abstract

A mixed continuous and discontinuous Galerkin finite element discretization is constructed for a generalized vortic-
ity streamfunction formulation in two spatial dimensions. This formulation consists of a hyperbolic (potential) vorticity
equation and a linear elliptic equation for a (transport) streamfunction. The generalized formulation includes three sys-
tems in geophysical fluid dynamics: the incompressible Euler equations, the barotropic quasi-geostrophic equations and
the rigid-lid equations. Multiple connected domains are considered with impenetrable and curved boundaries such that
the circulation at each connected piece of boundary must be introduced. The generalized system is shown to globally
conserve energy and weighted smooth functions of the vorticity. In particular, the weighted square vorticity or enstro-
phy is conserved. By construction, the spatial finite-element discretization is shown to conserve energy and is L2-stable
in the enstrophy norm. The method is verified by numerical experiments which support our error estimates. Particular
attention is paid to match the continuous and discontinuous discretization. Hence, the implementation with a third-
order Runge–Kutta time discretization conserves energy and is L2-stable in the enstrophy norm for increasing time res-
olution in multiple connected curved domains.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

A mixed continuous–discontinuous Galerkin finite element model is constructed to solve several (geo-
physical) fluid equations in a generalized (potential) vorticity streamfunction formulation. Our algorithm
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is an inviscid extension of the mixed continuous–discontinuous Galerkin finite element method presented in
[9] for the incompressible two-dimensional Euler equations in a vorticity streamfunction formulation. We
extend this method to the generalized formulation in a multiple connected domain with curved boundaries,
and implement and test the algorithm more thoroughly. In particular, the circulation boundary condition
around each connected part of the boundary or each ‘‘island’’ requires a modification, (17), of the usual
function space for the continuous test and trial functions of the streamfunction.

The generalization consists of a hyperbolic equation for the (potential) vorticity, n = n(x,y, t), and a
linear elliptic equation for the streamfunction, w = w(x,y, t), in a bounded domain X � R2 as function of
the horizontal coordinates x, y and time t. It is defined as follows:
otn=Aþ $ � ðn~UÞ ¼ 0; ð1aÞ
~U ¼ $?w; ð1bÞ
$ � ðA$wÞ � Bwþ D ¼ n=A ð1cÞ
with 0 < A0 < A = A(x,y) < A1 < 1 and A0,1 strictly positive finite constants, B = B(x,y)P 0 and
D = D(x,y). The gradient operator is given by $ = [ox,oy]

T and the two-dimensional curl operator by
$^ = [�oy,ox]

T. The system (1) is completed with boundary conditions and initial conditions in Section 3.
The generalized system (1) serves as a model for several fluid flow problems by choosing A, B and D to

yield the incompressible two-dimensional (2D) Euler equations [7], the quasi-geostrophic equations [13],
and the rigid-lid equations [8], often used in atmosphere and ocean dynamics. In all these cases n represents
the (potential) vorticity of the fluid,~u ¼ A~U represents the velocity and ~U the (mass transport) velocity of
the fluid. We explicitly consider the multiple connected and curved domains required in geophysical appli-
cations. This contrasts with [9], where the domain was simply connected and all numerical tests were done
in rectangular domains. In these curved domains, it is essential to use isoparametric boundary elements,
otherwise higher-order accuracy is impossible.

The outline of the paper is as follows. Details on the applications are provided in Section 2. In Section 4,
we show that the energy and enstrophy of the generalized system (1) are conserved quantities, as well as
Casimir invariants, for the slip flow boundary conditions introduced in Section 3. For the discretization
of (1), we use the same method as in [9]. The equation for the vorticity, (1a), is discretized using a discon-
tinuous Galerkin (DG) method, while for the elliptic equation, (1c), we use a continuous Galerkin discret-
ization (see Section 5). In Section 6, we show that the spatial discretization of the generalized system leads
to a scheme in which the energy and enstrophy are conserved and stable quantities. Moreover, discretizing
time with an implicit h- or modified midpoint-scheme, we also show energy and enstrophy to be conserved
in time for h = 1/2. Numerical conservation of energy and enstrophy is essential for long-time stable
integrations of geophysical systems (see, e.g. [10]). Further preservation of higher-order vortical integral
constraints, in the form of numerical Casimir invariants, is also desirable, but not achieved here. Error
estimates of the discretization are provided in Section 7. We verify the method and its implementation
in Section 8, focusing on the convergence to several exact solutions as well as the properties of energy
conservation and enstrophy stability. Finally, we summarize and conclude in Section 9.
2. Applications

The generalized vorticity streamfunction formulation given by (1) includes at least three distinct systems
of interest.

(i) The 2D Euler equations [7] describe the flow of an incompressible fluid:
otnþ $ � ð~unÞ ¼ 0; ð2aÞ
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~u ¼ $?w; ð2bÞ
r2w ¼ n ð2cÞ

with n = oxv � oyu the vertical component of the vorticity of the fluid,~u ¼ ðu; vÞT the velocity field and
w the streamfunction. Defining A = 1, B = D = 0, and ~U ¼~u, the Euler system (2) emerges as a spe-
cial case of (1).
(ii) The quasi-geostrophic equations [13] approximately describe the motion of the atmosphere or oceans
at mid-latitudes:
otnþ $ � ð~unÞ ¼ 0; ð3aÞ
~u ¼ $?w; ð3bÞ

n ¼ r2w� f 2
0

gD0

wþ f0hB
D0

þ by ð3cÞ

with the quasi-geostrophic potential vorticity n, D0 a characteristic depth of the atmosphere or ocean,
g the acceleration of gravity, the bottom topography at the vertical position z = hB = hB(x,y), the
Coriolis parameter f0 = 2Xe sinH0 and b = 2Xe cosH0/R, where R is the radius of the Earth, H0 a
characteristic value of the latitude and Xe the Earth�s rotation speed. Defining A = 1,
B ¼ f 2

0 =ðgD0Þ, D = f0hB/D0 + by, and ~U ¼~u, the quasi-geostrophic system (3) follows from (1).

(iii) The rigid-lid equations [8] describe the vertically averaged motion of fluid between topography at

z = hB(x,y) and a rigid lid at z = hB + H:
otnþ~u � $n ¼ 0; ð4aÞ
~u ¼ ð1=HÞ$?w; ð4bÞ
n ¼ ð$? �~uþ f Þ=H ð4cÞ

with n the potential vorticity, ~u the velocity field, f the Coriolis parameter and 0 < 1/
A1 < H = H(x,y) < 1/A0 < 1 the depth of the fluid. Hence, by taking A = 1/H, B = 0,
D = f = f0 + by and ~U ¼ H~u, (4) emerges from (1).
3. Boundary and initial conditions

In [9] the domain was assumed to be simply connected which made it possible to consider one single
Dirichlet boundary condition: w|oX = 0 with oX the boundary of X. In contrast, we focus on multiple con-
nected curved domains with impenetrable walls, where, in general, we omit additional inflow and outflow
boundary conditions for ease of presentation. This (part of the) boundary with slip flow boundary condi-
tions is also denoted by oXD, on which
~U � n̂ ¼ 0 ð5Þ

holds with n̂ ¼ ½nx; ny �T the outward unit vector normal to the boundary. The boundary oXD is partitioned
into N separate simply connected subsets. Thus, there exist oXDi � oXD such that
[N
i¼1oXDi ¼ oXD and oXDi \ oXDj ¼ ; ð6Þ
for i, j = 1,2, . . . ,N and i 6¼ j, where oXDi [ oXDj is not a simply connected set for i 6¼ j (see Fig. 1).
On each part oXDi of the boundary, w is independent of x and y because ow=oŝ ¼ $w � ŝ ¼

�$?w � n̂ ¼ð1bÞ �~U � n̂¼ð5Þ 0 with ŝ ¼ ½�ny ; nx�T the unit vector tangential to oX. Hence, on these boundaries



Fig. 1. An example of a domain, X, with slip flow boundary conditions. The boundary is partitioned into three separate parts: oXD1
,

oXD2
and oXD3

. Each of these three parts is a simply connected set.
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wjoXDi
¼ fiðtÞ ð7Þ
is a function only depending on time. Consider the circulation Ci around oXDi , defined by
Ci ¼
Z
oXDi

~u � ŝdC ¼
Z
oXDi

A~U � ŝdC ð8Þ
with dC a line element along oXD. A relevant boundary condition at oXDi , see [13], is
dCi=dt ¼ 0; ð9Þ

whence the functions fi(t) in (7) are only implicitly defined.

Remark 1. Defining fi(t) using (9) for each i = 1,2, . . . ,N defines w up to a constant. Therefore, for the case
B = 0, we should prescribe f1(t) = 0 on oXD1

to enforce a unique solution w for (1c).

The initial conditions are specified by the vorticity field and the circulations Ci at t = 0. We calculate w
(at t = 0) from (1c) using the boundary conditions. In Section 4, we show that the energy of the system (1) is
a conserved quantity for the boundary conditions (5) and (9), provided that there are no parts of the bound-
ary with inflow or outflow.
4. Conservation of energy and enstrophy

Energy and enstrophy are conserved quantities of the system (1) for the slip flow boundary conditions
introduced in Section 3. Define the total energy E(t) of the system (1) by
EðtÞ ¼ 1

2
k
ffiffiffi
A

p
$wk2X þ 1

2
k
ffiffiffi
B

p
wk2X; ð10Þ
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where we require A(x,y) > A0 > 0 and B(x,y) P 0. Here, the L2-norm is denoted as i Æ i2 = (Æ,Æ), while (Æ,Æ)
denotes the usual L2-inner product with integration over the domain or sub domain, as indicated by a
subscript.

Lemma 2. The energy (10) of system (1) subject to slip flow boundary conditions, (5) and (9), is conserved
dE=dt ¼ 0: ð11Þ
Proof. Differentiating (1c) with respect to time and combining the result with (1a) gives $ � ðA$ðotwÞÞ�
Botw ¼ �$ � ð~UnÞ: Multiplying this equation with w, integrating over the domain, and integrating by parts
yields
� dE
dt

¼ �
Z
oX

Awotð$w � n̂ÞdCþ
Z
X
n~U � $wdX�

Z
oX

nw~U � n̂dC: ð12Þ
The last two terms on the right-hand side of (12) vanish by using ~U ? $w and (5). The first term on the
right-hand-side of (12) cancels as well since
Z
oXD

Awotð$w � n̂ÞdC ¼(6)
XN
i¼1

Z
oXDi

Awotð$w � n̂ÞdC ¼(7)
XN
i¼1

fiðtÞ
d

dt

Z
oXDi

A$w � n̂dC ¼(8),(9)
0;
where we used the relation $w � n̂ ¼ $?w � ŝ. Hence, we find (11). h

The Casimirs invariants are
CðtÞ ¼
Z
X
ð1=AÞCaðnÞdX ð13Þ
with an arbitrary function Ca = Ca(n) of the generalized vorticity. For the case Ca(n) = n2/2, the enstrophy
S(t) emerges as a particularization
SðtÞ ¼ 1

2
kn=

ffiffiffi
A

p
k2X: ð14Þ
Lemma 3. The Casimirs (13) of system (1) , and thus the enstrophy (14), subject to the slip flow boundary

condition, (5), are conserved:
dC=dt ¼ 0 and dS=dt ¼ 0: ð15Þ
Proof. Result (15) emerges after we multiply (1a) by C0
aðnÞ ¼ dCa=dn and use $ � ð~UnÞ ¼ ~U � $n twice
ð1=AÞC0
aðnÞotnþ C0

aðnÞ~U � $n ¼ ð1=AÞotCaðnÞ þ $ � ð~UCaðnÞÞ ¼ 0; ð16Þ
integrate over the domain, X, and use the boundary conditions. h

5. Finite element method

We use a finite element method to solve the generalized vorticity equations (1). By discretizing the
streamfunction with a continuous Galerkin finite element method in Section 5.1, we enforce continuity
of the normal velocity through element boundaries. This simplifies the choice of the numerical flux in
the DG discretization for (1a). In Section 5.3, we discuss time discretization schemes and, in Section 6,
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the properties of the numerical method concerning the conservation and stability of energy and enstrophy
of the numerical solution.1
5.1. Continuous Galerkin space discretization

Define the space of test functions W1(X) as follows:
1 Ad
W1ðXÞ ¼ fw 2 H 1ðXÞj8i 2 f1; 2; . . . ;Ng9ci 2 R : kw� cikoXDi
¼ 0g ð17Þ
with the standard H1(X) Sobolev space and with k � koXDi
the L2ðoXDiÞ norm. Note that x ! w(x, t) 2W1(X)

with t fixed because of the boundary condition (7).

Remark 4. In the case B = 0, a Dirichlet boundary condition wjoX1
¼ 0 is used (see Remark 1), and instead

of (17) we use
W1ðXÞ ¼ fw 2 H 1ðXÞjkwkoXD1
¼ 0; 8i 2 f2; . . . ;Ng9ci 2 R : kw� cikoXDi

¼ 0g;
which ensures the weak formulation of (1c) to have a definite solution.

We multiply (1c) by a test function w 2W1(X) and integrate over the domain. For the first term this
gives, after integrating by parts,
Z

X
$ � ðA$wÞwdX ¼

XN
i¼1

Z
oXDi

wA$w � n̂dC�
Z
X
A$w � $wdX:
Using (9) and the fact that w 2W1(X) is constant on each oXDi , the boundary integral over
oXDi ði ¼ 1; 2; . . . ;NÞ yields
Z

oXDi

wA$w � n̂dC ¼
Z
oXDi

wA~U � ŝdC ¼(17)wjoXDi

Z
oXDi

A~U � ŝdC ¼(8)wjoXDi
Ci:
The weak formulation then becomes: Find w 2W1(X) such that for all w 2 W1(X) the following holds:
Lðw;wÞ ¼ F nðwÞ ð18Þ

with the operators L and Fn defined by:
Lðv;wÞ ¼
ffiffiffi
A

p
$v;

ffiffiffi
A

p
$w

� �
X
þ

ffiffiffi
B

p
v;

ffiffiffi
B

p
w

� �
X
; ð19Þ

F nðwÞ ¼ � n=A;wð ÞX þ
Z
X
DwdXþ

XN
i¼1

wjoXDi
Ci ð20Þ
for v,w 2W1(X). Note that L is a symmetric, coercive bilinear operator. Hence, Lðw;wÞ P akwk2H1ðXÞ with
a > 0 "w 2W1(X), where coercivity is ensured in the case B = 0 by Remark 4. The proof of coercivity can
be obtained by a minor change of the proof in Section 5.3 in [4]. Hence, the matrix of the system of linear
equations in the finite element discretization is positive definite.

To approximate w and w in the discretized form of (18), we define the function space
Wk
h ¼ W1ðXÞ \ Xk

h ð21Þ
ditional technical appendices on the implementation are found in [3].
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with Xk
h a finite element space consisting of continuous functions and including at least all polynomials

of degree k on each element of a triangulation Th ¼ fKg. We replace w, w 2 W1(X) in (18) with the numer-
ical approximations wh;wh 2 Wk

h and approximate the vorticity with nh 2 Vk
h to be defined in Section 5.2.

Hence, we obtain the discretized weak formulation: Find wh 2 Wk
h such that for each wh 2 Wk

h the following
holds:
Lðwh;whÞ ¼ F nhðwhÞ: ð22Þ
5.2. Discontinuous Galerkin space discretization

For the DG discretization, we define the space of discontinuous test functions
Vk
h ¼ vhj8K 2 Th; 9wh 2 X k

h : vhjK ¼ whjK
� �

ð23Þ
with Th ¼ fKg a triangulation of the domain and X k
h the same continuous finite element space as in (21).

We define Vk
h by (23), instead of
~V
k

h ¼ vhj8K 2 Th : vhjK 2 PkðKÞ
� �

ð24Þ
with PkðKÞ the usual space of polynomials on K of degree equal to or less than k, because conservation of
energy of the numerical solution requires Wk

h � Vk
h (see Section 6). The DG discretization is obtained by

multiplying (1a) with a test function v 2 Vk
h and integrating over K 2 Th to obtain
ðotn=A; vÞK � ðn~U ;$vÞK þ ðnUn; vÞoK ¼ 0 ð25Þ

with oK the boundary of an element K 2 Th, and Un ¼ ~U � n̂ the normal component of the velocity ~U . Sub-
sequently, we substitute the approximations vh; nh 2 Vk

h into (25) with the approximate velocity field
~Uh ¼ $?wh.

Define the inside, v� ¼ lim�"0vðxþ �n̂Þ, and outside, vþ ¼ lim�#0vðxþ �n̂Þ, trace values of a function v at a
boundary point x = (x,y)T on oK. For the test function vh on oK in (25), we choose the inside value v�h , while
nhUn on oK is replaced by a numerical flux f̂ ðnþh ; n

�
h ;UnÞ. Note that the normal transport velocity Un is con-

tinuous across element boundaries because wh is continuous and Un ¼ ~Uh � n̂ ¼ $?wh � n̂ ¼ �$wh � ŝ ¼
�dwh=dŝ. Hence, dwh=dŝ and Un are single valued on element boundaries. Only the vorticity nh is multi
valued.

The numerical flux satisfies the following properties:

(i) it is consistent
f̂ ðnh; nh;UnÞ ¼ nhUn; ð26Þ
(ii) it is conservative

f̂ ðnþh ; n
�
h ;UnÞ ¼ �f̂ ðn�h ; n

þ
h ;�UnÞ; ð27Þ

ensuring that the flux from two neighboring elements KL 2 Th to KR 2 Th is opposite to the flux
from KR to KL; and

(iii) it is L2-stable in the enstrophy norm (see Section 6), that is,
nþh � n�h
� �

Unðn̂h � �nhÞ 6 0 ð28Þ
with �nh ¼ ðnþh þ n�h Þ=2 and n̂h ¼ f̂ ðnþh ; n
�
h ;UnÞ=Un. Hence, for Un > 0 the value of the numerical flux is

closer to the flux, Unn
�, evaluated on the inside of the element than outside, Unn

+.
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The following fluxes f̂ satisfy properties Eqs. (26)–(28):
Table
CFL-c
velocit

Basis f

Consta
Linear
Quadr
Cubic

The in
dK the
central f̂ ðnþ; n�;UnÞ ¼
nþ þ n�

2
Un; ð29aÞ

upwind f̂ ðnþ; n�;UnÞ ¼ Un
nþ if Un < 0;

n� if Un P 0;

�
ð29bÞ

Lax–Friedrichs f̂ ðnþ; n�;UnÞ ¼
1

2
ðUnðnþ þ n�Þ � aLFðnþ � n�ÞÞ ð29cÞ
with aLF P 0. A common choice is aLF = max|Un| with a local or global maximum. For aLF = 0 and
aLF = |Un|, we obtain the central and upwind flux.

After replacing vh with v�h and nhUn with f̂ ðnþh ; n
�
h ;UnÞ in (25), the weak formulation of (1a) is: find

nh 2 Vk
h such that for all vh 2 Vk

h the following equation holds:
pKðotnh; vhÞ ¼ RKðnh;wh; vhÞ ð30Þ

with the operators pK and RK defined by:
pKðuh; vhÞ ¼ ðuh=A; vhÞK ; ð31Þ

RKðuh;wh; vhÞ ¼ ðuh$?wh;$vhÞK �
Z
oK

v�h f̂ ðuþh ; u�h ;$?wh � n̂ÞdC ð32Þ
for uh; vh 2 Vk
h and wh 2 Wk

h. Note that we can formally write the space discretization as
otnh ¼ LhðnhÞ ð33Þ

for an operator Lh following from (22) and (30).

5.3. Time discretization

5.3.1. Explicit scheme

For the test cases presented in Section 8, we use the explicit, third-order Runge–Kutta scheme (RK3) of
[14] (see also [9]). The maximum size of the time step depends on the maximum velocity and the size of the
elements. We performed a linear stability analysis for a space DG finite element and RK3 time discretiza-
tion of the vorticity equation with constant velocity on a regular one-dimensional mesh, see Table 1.

5.3.2. Implicit scheme

Implicit methods usually have the advantage that the restriction on the time step is less severe, but at the
expense of more computational cost per time step. We consider, inspired by the work in [17], the following
h- or modified midpoint-scheme [5] for the time discretization of (33):
1
ondition for different orders of basis functions for the discretized, linearized one-dimensional vorticity equation with constant
y u

unctions CFL (central flux) CFL (upwind flux)

nt
ffiffiffi
3

p
1.25ffiffiffi

3
p

=4 0.409
atic 0.214 0.209

0.130 0.130

dicative time step for the RK3 time discretization in the nonlinear problem is then chosen such that Dt 6 CFL dK=j~uhjmax with
diameter of the inscribing circle of K and k~uhkmax ¼ max~x2KkA~Uhk the maximum velocity in K.
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Dnnh=Dt ¼ Lhðnnþh
h Þ ð34Þ
with nnþh
h ¼ hnnþ1

h þ ð1� hÞnnh and Dnnh ¼ nnþ1
h � nnh, for h 2 [0, 1]. Using (22) and (30), we find:
Lðwnþh
h ;whÞ ¼ F nnþh

h
ðwhÞ; ð35Þ

pKðDnnh; vhÞ ¼ DtRKðnnþh
h ;wnþh

h ; vhÞ; ð36Þ
for all vh 2 Vk
h and wh 2 Wk

h. For each integer n P 0 and wh 2 Wk
h, the streamfunction wn

h is defined by
Lðwn
h;whÞ ¼ F nnh

ðwhÞ: ð37Þ
Note that (35) then is satisfied because
wnþh
h ¼ hwnþ1

h þ ð1� hÞwn
h; ð38Þ
and L and F are (bi-)linear operators.
6. Numerical conservation of energy and enstrophy

In Section 4, we showed that energy and enstrophy are conserved quantities for the slip flow boundary
conditions described in Section 3. The energy and enstrophy of the discretization of (1) have similar
properties.

Define the energy, Eh, of the numerical solution of (1)
EhðtÞ ¼
1

2
k
ffiffiffi
A

p
$whk

2
X þ 1

2
k
ffiffiffi
B

p
whk

2
X ¼ 1

2
Lðwh;whÞ: ð39Þ
Theorems 6 and 7 are the counterparts of Lemma 2 for the numerical system. We use the following lemma.

Lemma 5. Assume that we have slip flow boundary conditions, (5), then (32) satisfies
X
K2Th

RKðvh;wh;whÞ ¼ 0 ð40Þ
for each vh 2 Vk
h and wh 2 Wk

h.

Proof. Using definition (32) of RK, we have
X
K2Th

RKðvh;wh;whÞ ¼
X
K2Th

Z
K
vh$

?wh � $wh dK �
X
K2Th

Z
oK

w�
h f̂ ðvþh ; v�h ;$?wh � n̂ÞdC;
where the interior integral vanishes because $^wh^$wh. The summation over the element boundary inte-
grals vanishes because wh is continuous across element boundaries ðwþ

h ¼ w�
h Þ, the conservation property of

the numerical flux (27), and the slip flow boundary conditions. h

Theorem 6. Consider the solution of (22) and (30) subject to slip flow boundary conditions, (5). The energy

associated with this numerical solution, as given by (39), is a conserved quantity
dEh=dt ¼ 0: ð41Þ

Proof. We prove that (41) holds at each point in time. First choose an arbitrary, but fixed, point in time,
denoted by t0. Differentiate (22) with respect to time and use (30) to obtain for all wh 2 Wk

h at t = t0
½Lðotwh;whÞ�t¼t0
¼ �

X
K2Th

pKð½otnh�t¼t0
;whÞ ¼(30)�

X
K2Th

RKð½nh�t¼t0
; ½wh�t¼t0

;whÞ:
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Now choose wh ¼ ½wh�t¼t0
and apply Lemma 5 to obtain
dEh

dt

	 

t¼t0

¼ Lð½otwh�t¼t0
; ½wh�t¼t0

Þ ¼ �
X
K2Th

RKð½nh�t¼t0
; ½wh�t¼t0

; ½wh�t¼t0
Þ ¼ 0:
Since t0 was chosen arbitrary, we find (41). h

Note that an essential step consists of using wh = wh as a test function in the DG discretization (30). The
space of test functions for the continuous Galerkin discretization must, therefore, satisfy Wk

h � Vk
h.

Denote the numerical energy at time level n by En
h ¼ Lðwn

h;w
n
hÞ=2. The implicit time discretization scheme

has the property that for certain choices of h the numerical energy is conserved.

Theorem 7. Consider the solution of (36) and (35) subject to slip flow boundary conditions, (5) and (9). For
h 2 ½12 ; 1�, the numerical energy is stable
DEn
h � Enþ1

h � En
h 6 0: ð42Þ
For h ¼ 1
2
, the numerical energy is conserved
DEn
h ¼ 0: ð43Þ
Proof. We combine (37) to obtain for each wh 2 Wk
h

LðDwn
h;whÞ ¼ F nnþ1

h
ðwhÞ � F nnh

ðwhÞ
with Dwn
h ¼ wnþ1

h � wn
h. Since wh 2 Wk

h � Vk
h, we use (20), (31), (36) and Dnnh ¼ nnþ1

h � nnh to write
F nnþ1
h
ðwhÞ � F nnh

ðwhÞ ¼ �
X
K2Th

pKðDnnh;whÞ ¼(36)�
X
K2Th

DtRKðnnþh
h ;wnþh

h ;whÞ:
Combining the above two equations, choosing wh ¼ wnþh
h and applying Lemma 5 gives
LðDwn
h;w

nþh
h Þ ¼ �

X
K2Th

DtRKðnnþh
h ;wnþh

h ;wnþh
h Þ ¼ 0:
As the operator L is bilinear and symmetric, we use (38) to obtain (see [17])
DEn
h ¼ LðDwn

h;w
nþh
h Þ � h� 1

2

� �
LðDwn

h;Dw
n
hÞ:
Thus, we find
DEn
h ¼ � h� 1

2

� �
LðDwn

h;Dw
n
hÞ:
Since L(wh,wh)P 0 for each wh 2 Wk
h and wh 2 Wk

h, we obtain DEn
h 6 0 for h 2 ½1

2
; 1� and DEn

h ¼ 0 for
h ¼ 1

2
. h

Define the numerical enstrophy Sh
ShðtÞ ¼
1

2
knh=

ffiffiffi
A

p
k2: ð44Þ
Theorems 9 and 10 are the counterparts of Lemma 3 for the numerical system. We use the following lemma.

Lemma 8. Assume that we have slip flow boundary conditions (5). For each vh 2 Vk
h and wh 2 Wk

h, the

operator RK defined in (32) satisfies
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X
K2Th

RKðvh;wh; vhÞ 6 0: ð45Þ
For the central flux (29a), one has
X
K2Th

RKðvh;wh; vhÞ ¼ 0: ð46Þ
Proof. Using definition (32) of RK we have
X
K2Th

RKðvh;wh; vhÞ ¼
X
K2Th

Z
K
vh$

?wh � $vh dK �
X
K2Th

Z
oK

v�h f̂ ðvþh ; v�h ;UnÞdC ð47Þ
with Un ¼ $?wh � n̂. After integration by parts and using the boundary conditions, (47) becomes
X
K2Th

RKðvh;wh; vhÞ ¼
X
K2Th

Z
oK

Un
1

2
ðv�h Þ

2 � v�h v̂h

� �
dC

¼
X
K2Th

Z
oK

1

2
Un½vh�ðv̂h � vhÞdCþ

X
K2Th

Z
oK

Un
1

2
v2h � vhv̂h

� �
dC ð48Þ
with vh ¼ ðvþh þ v�h Þ=2, v2h ¼ ððvþh Þ
2 þ ðv�h Þ

2Þ=2, ½vh� ¼ vþh � v�h and v̂h ¼ f̂ ðvþh ; v�h ;UnÞ=Un. The second sum-
mation in (48) vanishes because of (27) and the boundary condition ~U � n̂ ¼ 0. The first term in (48) is smal-
ler than or equal to zero because of (28). Hence, (45) emerges. For the central flux (29a) by using the
equality in (28), the first term in (48) also vanishes. Hence, we obtain (46). h

The following theorem shows that the enstrophy of the numerical solution of (1) is conserved or stable.
Note that time is not yet discretized.

Theorem 9. Consider the solution of (22) and (30) subject to slip flow boundary conditions (5). The enstrophy
associated with this numerical solution, as given by (44), is a stable quantity
dSh=dt 6 0: ð49Þ

For the central flux (29a), (49) becomes an equality.

Proof. We rewrite
dSh=dt ¼
X
K2Th

pKðotnh; nhÞ: ð50Þ
Using (30) with vh = nh and Lemma 8, we obtain
X
K2Th

pKðotnh; nhÞ ¼
X
K2Th

RKðnh;wh; nhÞ 6 0: ð51Þ
Combining (50) and (51) yields (49). Using the central flux and Lemma 8, the equality in (49) is
obtained. h

Denote the numerical enstrophy at time level n by Sn
h. Using the h-scheme, the numerical enstrophy is

stable for certain choices of h.

Theorem 10. Consider the solution of (35) and (36) subject to slip flow boundary conditions (5). For h 2 ½12 ; 1�,
the numerical enstrophy is stable
DSn
h � Snþ1

h � Sn
h 6 0: ð52Þ
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For the central flux (29a) with h ¼ 1
2
the enstrophy is conserved
DSn
h ¼ 0: ð53Þ
Proof. Take vh ¼ nnþh
h in (36) to obtain
X

K2Th

pKðDnnh; n
nþh
h Þ ¼

X
K2Th

RKðnnþh
h ;wnþh

h ; nnþh
h Þ: ð54Þ
Because the operator pK is bilinear and symmetric, we find after using (54):
DSn
h ¼

X
K2Th

pKðDnnh; n
nþh
h Þ � h� 1

2

� � X
K2Th

pKðDnnh;Dn
n
hÞ ð55Þ

¼
X
K2Th

RKðnnþh
h ;wnþh

h ; nnþh
h Þ � h� 1

2

� � X
K2Th

pKðDnnh;Dn
n
hÞ: ð56Þ
If we choose h 2 ½1
2
; 1�, then we find (52) because of Lemma 8 and pK(vh,vh) P 0 for each vh 2 Vk

h. If we
choose h ¼ 1

2
, then the second term of (56) vanishes. If, additionally, the central flux (29a) is used, then

the first term vanishes as well because of Lemma 8. Hence, we obtain (53). h
7. Error estimates

In this section, we will state error estimates for the numerical discretization discussed in this paper. The
error analysis for the Euler equations presented in [9] has been extended to the numerical scheme given by
(22) and (30). The main differences with the analysis in [9] concern the elliptic part of the problem and the
fact that we make the dependence of the error on the (generalized) vorticity explicit. In addition, we impose
a slightly less restrictive condition on the vorticity field than in [9], where the condition n 2 Hk+1(X), with
k > 1, is required. An error estimate which imposes minimal smoothness requirements on the (generalized)
vorticity field will be published elsewhere since this rather technical analysis is outside the scope of this
paper [16].

We now state the main error estimate:

Theorem 11. Assume that X is a bounded domain with Lipschitz boundary oX. In addition, we assume that the

coefficients in (1c) satisfy A;B 2 C1;1ðXÞ, D 2 L1(X), with
A0 ¼ ess inffAðx; yÞjðx; yÞ 2 Xg > 0; B0 ¼ ess inffBðx; yÞjðx; yÞ 2 Xg P 0;
and that the vorticity field n belongs to L2ð½0; T �;W 1
1ðXÞ \ Hkþ1ðXÞÞ, with kP 1. Then the error in the DG

finite element discretization (22) and (30), with the numerical flux given by one of (29a)–(29c), subject to
the slip flow boundary condition (5), on a quasi-uniform mesh Th with sufficiently small mesh size h 6 h0 6 1,

can be estimated as
k~u�~uhkL2ðXÞ þ kn� nhkL2ðXÞ 6 Chk exp CT sup
t2½0;T �

ðk$nð�; tÞkL1ðXÞ; knð�; tÞkHkþ1ðXÞÞ
 !

� knð�; 0Þk2HkðXÞ þ
Z T

0

knð�; tÞk2Hkþ1ðXÞ dt
� �1

2

;

with k the order of the polynomial basis functions in the DG discretization and C a positive constant, indepen-

dent of h, n and ~u.
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Corollary 12. The L1-norm of the error in the velocity field can be estimated as
k~u�~uhkL1ðXÞ 6 Chk sup
t2½0;T �

knð�; tÞkHkðXÞ þ Ch�1k~u�~uhkL2ðXÞ:
Remark 13. An upper bound for the minimum mesh size h0 is
h0 ¼ min

ffiffiffiffiffi
A0

p

CICRCAB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð2bþ 1Þ

p ; 1

 !
;

with b P 1
2
A0 � B0, CR the regularity constant for the differential operator (1c) on the Lipschitz domain X,

CI the constant in the interpolation estimate for the projection from H2(X) onto Wk
h and

CAB ¼ maxðkAkL1ðXÞ; kBkL1ðXÞÞ.

Remark 14. If B0 P 1
2
A0 þ 1

2
then there is no restriction on the mesh size h0 and h 6 1 is a sufficient con-

dition for Theorem 11.

Here Hk(X) denotes the Hilbert space of k-times weakly differentiable functions which are square integra-
ble, including all derivatives up to the order k, L1(X) is the space of essentially bounded functions, W 1

1ðXÞ
the space of essentially bounded functions with also a bounded weak derivative, and C1;1ðXÞ the space of
Hölder continuous functions.

For a detailed proof and the definition of the function spaces and norms we refer to Appendix B.
8. Verification

In this section, we present some examples which test the numerical method. We implemented the finite
element method described using the C++ programming language. Each of the applications discussed in
Section 2 is tested with the Runge–Kutta time discretization discussed in Section 5.3.1 for the central flux
(29a) as well as the upwind flux (29b).

8.1. Example 1: Stuart vortex

First, we consider the Stuart vortex, which is a stationary solution for the 2D Euler equations (see Sec-
tion 2 and Appendix A.1). The coarsest mesh T1 used in the simulations is shown in Fig. 2. The upper and
lower boundary and the boundary of the island in the center of the domain coincide with streamlines of the
exact solution. The left and right boundaries are periodic. On the upper and lower boundaries we prescribe
a value of the streamfunction given by
Clow ¼ Cup ¼
Z
oXup

A~U � ŝdC � 6:180637249: ð57Þ
On the boundary of the island in the center of the domain we impose the exact value of the streamfunction
(see Remark 1).

We tested our implementation up to cubic basis functions, and used an unstructured quadrilateral basic
grid. To obtain the orders of convergence for the L1-, L2- and L1-errors, given in Tables 2–5, this basic grid
was refined in a structured manner up to three times. For internal elements this grid refinement is straight-
forward, while for boundary elements the curvature of the boundary was taken into account. Note that
vorticity and streamfunction converge as O(hk+1) in the upwind case for the L1- and L2-errors, one order
higher than the error estimates. Here and in the remaining tests, the absolute value of the error is larger for
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Fig. 2. The coarsest mesh T1 with 720 elements.

Table 2
Errors in nh for the Stuart vortex at t = 8 using the upwind flux

k Th L1-error Order L2-error Order L1-error Order

1 720 1.94e � 01 – 8.22e � 02 – 1.22e � 01 –
2880 5.80e � 02 1.74 3.21e � 02 1.35 6.15e � 02 0.99

11,520 1.52e � 02 1.94 1.05e � 02 1.61 2.60e � 02 1.24
46,080 3.32e � 03 2.19 2.68e � 03 1.97 8.91e � 03 1.55

2 720 1.47e � 02 – 7.20e � 03 – 1.61e � 02 –
2880 1.57e � 03 3.23 9.86e � 04 2.87 2.95e � 03 2.44

11,520 1.51e � 04 3.38 1.24e � 04 2.99 5.00e � 04 2.56
46,080 1.26e � 05 3.58 1.33e � 05 3.22 7.54e � 05 2.73

3 720 1.48e � 02 – 7.53e � 03 – 1.69e � 02 –
2880 8.26e � 04 4.17 5.60e � 04 3.75 1.97e � 03 3.10

11,520 4.39e � 05 4.23 3.25e � 05 4.11 1.82e � 04 3.44
46,080 2.29e � 06 4.26 1.76e � 06 4.21 1.45e � 05 3.65

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions with k = 1, 2, 3 are shown.
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the central flux and the convergence is slower than for the upwind flux, but is in accordance with our error
estimates. It means that the polynomial order k should be larger than one. The order of convergence for the
L1-error is also lower in all tests. Numerical results are shown in Fig. 3 for the vorticity and streamfunction
at time t = 8. The use of isoparametric elements at the curved boundaries is essential to reach convergence
for k P 2. When the curvature at the boundary is approximated with low-order (piecewise linear) elements
at the boundary, the inversion required to obtain w from the elliptic equation transports the local lack of
accuracy instantly into the entire domain.

8.2. Example 2: A traveling wave solution

Consider a traveling wave solution for the quasi-geostrophic equations on a b-plane (see Section 2
and Appendix A.2). The domain is X = [0,2p]2 with periodic boundary conditions on the left and right



Table 3
Errors in nh for the Stuart vortex at t = 8 using the central flux

k Th L1-error Order L2-error Order L1-error Order

1 720 5.83e � 01 – 1.78e � 01 – 4.04e � 01 –
2880 3.44e � 01 0.76 1.06e � 01 0.75 2.18e � 01 0.89

11,520 2.18e � 01 0.66 6.67e � 02 0.66 2.03e � 01 0.10
46,080 1.24e � 01 0.81 3.82e � 02 0.80 1.02e � 01 0.99

2 720 1.54e � 01 – 4.93e � 02 – 9.45e � 02 –
2880 1.35e � 02 3.51 4.75e � 03 3.38 1.66e � 02 2.51

11,520 1.85e � 03 2.87 6.35e � 04 2.90 1.86e � 03 3.16
46,080 2.36e � 04 2.97 7.98e � 05 2.99 3.44e � 04 2.43

3 720 6.34e � 02 – 1.95e � 02 – 4.28e � 02 –
2880 8.03e � 03 2.98 2.56e � 03 2.93 6.99e � 03 2.61

11,520 9.21e � 04 3.12 3.11e � 04 3.04 1.30e � 03 2.43
46,080 1.13e � 04 3.02 3.89e � 05 3.00 1.91e � 04 2.76

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.

Table 4
Errors in wh for the Stuart vortex at t = 8 using the upwind flux

k Th L1-error Order L2-error Order L1-error Order

1 720 8.13e � 02 – 1.90e � 02 – 1.26e � 02 –
2880 1.78e � 02 2.19 4.20e � 03 2.18 3.50e � 03 1.85

11,520 4.22e � 03 2.08 1.00e � 03 2.06 9.58e � 04 1.87
46,080 1.02e � 03 2.05 2.44e � 04 2.04 2.69e � 04 1.83

2 720 4.99e � 03 – 1.15e � 03 – 8.61e � 04 –
2880 3.53e � 04 3.82 8.10e � 05 3.83 9.48e � 05 3.18

11,520 2.42e � 05 3.87 5.97e � 06 3.76 1.64e � 05 2.53
46,080 1.93e � 06 3.65 5.51e � 07 3.44 2.45e � 06 2.75

3 720 4.39e � 03 – 1.02e � 03 – 7.41e � 04 –
2880 3.12e � 04 3.81 6.96e � 05 3.88 5.34e � 05 3.79

11,520 1.92e � 05 4.02 4.25e � 06 4.03 3.86e � 06 3.79
46,080 1.26e � 06 3.94 2.77e � 07 3.94 2.96e � 07 3.71

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.

Table 5
Errors in wh for the Stuart vortex at t = 8 using the central flux

k Th L1-error Order L2-error Order L1-error Order

1 720 9.68e � 02 – 2.27e � 02 – 1.26e � 02 –
2880 2.40e � 02 2.01 5.70e � 03 1.99 3.73e � 03 1.76

11,520 5.94e � 03 2.02 1.47e � 03 1.96 1.18e � 03 1.66
46,080 1.61e � 03 1.89 3.83e � 04 1.94 3.65e � 04 1.69

2 720 6.04e � 03 – 1.51e � 03 – 1.02e � 03 –
2880 3.58e � 04 4.08 8.32e � 05 4.18 9.39e � 05 3.44

11,520 2.40e � 05 3.90 5.98e � 06 3.80 1.64e � 05 2.51
46,080 1.93e � 06 3.63 5.52e � 07 3.44 2.45e � 06 2.74

3 720 4.35e � 03 – 1.04e � 03 – 7.90e � 04 –
2880 3.04e � 04 3.84 6.84e � 05 3.92 5.48e � 05 3.85

11,520 1.91e � 05 3.99 4.24e � 06 4.01 3.85e � 06 3.83
46,080 1.26e � 06 3.92 2.78e � 07 3.93 2.96e � 07 3.70

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.
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Fig. 3. The (a) vorticity and (b) streamfunction field at t = 8 for the Stuart vortex.
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boundary. On the upper and lower boundaries we prescribe the circulation of the exact solution as Clow ¼
Cup ¼ 0. The solutions are seen to converge to O(hk+1) for the vorticity and streamfunction in Tables 6 and
8 for the L1- and L2-errors using the upwind flux, and to O(hk) in Tables 7 and 9 for the central flux. For
k = 1, we seem to have a slow convergence in L1 for the central flux, which may hint at an inconsistency.
Numerical results are shown in Fig. 4.

Theorems 6 and 9 state that the energy and enstrophy of the numerical discretization in space are con-
served and stable for a spatial discretization only. To illustrate these theorems using a Runge–Kutta time
discretization, it is, therefore, necessary to refine the time step. Consider the numerical solution on a 32 · 32
grid using various time steps for quadratic basis functions. Figs. 5 and 6 show the relative change in energy
and enstrophy of the numerical solution for different time steps for the upwind flux as well as the central
flux. In Fig. 5, the energy of the numerical solution appears to converge to a constant value for a decreasing
time step. Fig. 6(a) illustrates similar convergence for the enstrophy when using a central flux. However, for
an upwind flux, the enstrophy is only a stable but not a conserved quantity, as follows from Fig. 6(b). These
results are consistent with Theorems 6 and 9. It is also verified from these results that RK3 is third-order in
time.
Table 6
Errors in nh for the traveling wave example at t = 12p using the upwind flux

k Th L1-error Order L2-error Order L1-error Order

1 8 · 8 1.27e + 01 – 2.50e + 00 – 9.57e � 01 –
16 · 16 3.18e + 00 1.99 6.15e � 01 2.02 2.35e � 01 2.03
32 · 32 7.41e � 01 2.10 1.44e � 01 2.09 5.48e � 02 2.10
64 · 64 1.77e � 01 2.07 3.47e � 02 2.05 1.54e � 02 1.83

2 8 · 8 8.67e � 01 – 1.76e � 01 – 8.04e � 02 –
16 · 16 7.93e � 02 3.45 1.72e � 02 3.35 1.25e � 02 2.68
32 · 32 1.28e � 02 2.63 3.31e � 03 2.38 2.82e � 03 2.15
64 · 64 1.86e � 03 2.79 6.25e � 04 2.41 8.69e � 04 1.70

3 8 · 8 5.02e � 02 – 1.16e � 02 – 1.24e � 02 –
16 · 16 2.00e � 03 4.65 5.28e � 04 4.45 8.14e � 04 3.93
32 · 32 1.09e � 04 4.19 2.95e � 05 4.16 9.22e � 05 3.14
64 · 64 6.90e � 06 3.98 1. 81e � 06 4.02 9.49e � 06 3.28

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.



Table 7
Errors in nh for the traveling wave example at t = 12p using the central flux

k Th L1-error Order L2-error Order L1-error Order

1 8 · 8 3.07e + 01 – 5.95e + 00 – 2.93e + 00 –
16 · 16 1.16e + 01 1.41 2.39e + 00 1.32 1.51e + 00 0.96
32 · 32 6.65e + 00 0.80 1.43e + 00 0.74 1.55e + 00 �0.04
64 · 64 9.03e � 01 2.88 2.06e � 01 2.79 2.70e � 01 2.52

2 8 · 8 1.41e + 00 – 2.99e � 01 – 2.26e � 01 –
16 · 16 1.93e � 01 2.87 4.06e � 02 2.88 3.50e � 02 2.69
32 · 32 2.97e � 02 2.71 6.18e � 03 2.71 5.10e � 03 2.78
64 · 64 6.36e � 03 2.22 1.34e � 03 2.20 1.55e � 03 1.72

3 8 · 8 3.35e � 01 – 7.13e � 02 – 6.98e � 02 –
16 · 16 3.09e � 02 3.44 6.54e � 03 3.45 7.36e � 03 3.25
32 · 32 4.37e � 03 2.82 9.35e � 04 2.81 1.15e � 03 2.68
64 · 64 3.20e � 04 3.77 6.84e � 05 3.77 9.72e � 05 3.57

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.

Table 9
Errors in wh for the traveling wave at t = 12p using the central flux

k Th L1-error Order L2-error Order L1-error Order

1 8 · 8 8.72e + 00 – 1.63e + 00 – 5.05e � 01 –
16 · 16 2.76e + 00 1.66 5.21e � 01 1.64 1.70e � 01 1.57
32 · 32 1.09e + 00 1.34 2.05e � 01 1.35 6.89e � 02 1.30
64 · 64 5.32e � 02 4.36 1.01e � 02 4.34 3.25e � 03 4.41

2 8 · 8 1.27e � 01 – 2.59e � 02 – 1.16e � 02 –
16 · 16 8.80e � 03 3.85 1.65e � 03 3.97 7.05e � 04 4.04
32 · 32 1.10e � 03 3.00 2.03e � 04 3.03 8.05e � 05 3.13
64 · 64 1.37e � 04 3.00 2.50e � 05 3.02 8.22e � 06 3.29

3 8 · 8 1.15e � 02 – 2.44e � 03 – 1.44e � 03 –
16 · 16 2.13e � 03 2.43 4.19e � 04 2.54 1.53e � 04 3.23
32 · 32 8.90e � 05 4.58 1.77e � 05 4.57 7.50e � 06 4.35
64 · 64 2.30e � 06 5.27 5.03e � 07 5.13 3.07e � 07 4.61

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.

Table 8
Errors in wh for the traveling wave at t = 12p using the upwind flux

k Th L1-error Order L2-error Order L1-error Order

1 8 · 8 4.31e + 00 – 8.31e � 01 – 2.67e � 01 –
16 · 16 1.06e + 00 2.03 2.04e � 01 2.03 6.47e � 02 2.05
32 · 32 2.45e � 01 2.11 4.75e � 02 2.10 1.53e � 02 2.08
64 · 64 5.80e � 02 2.08 1.13e � 02 2.07 3.66e � 03 2.06

2 8 · 8 l.00e � 01 – 1.98e � 02 – 9.10e � 03 –
16 · 16 9.23e � 03 3.44 1.77e � 03 3.49 7.11e � 04 3.68
32 · 32 1.09e � 03 3.08 1.96e � 04 3.18 6.99e � 05 3.35
64 · 64 1.36e � 04 3.00 2.43e � 05 3.01 8.18e � 06 3.10

3 8 · 8 1.04e � 02 – 2.28e � 03 – 1.26e � 03 –
16 · 16 4.53e � 04 4.52 1.14e � 04 4.33 7.59e � 05 4.06
32 · 32 2.70e � 05 4.07 6.91e � 06 4.04 4.72e � 06 4.01
64 · 64 1.67e � 06 4.02 4.29e � 07 4.01 2.92e � 07 4.01

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.
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Fig. 4. (a) Potential vorticity and (b) streamfunction field at t = 12p for the traveling wave.
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Fig. 6. The change in numerical enstrophy S = Sh (44), relative to the numerical enstrophy, S0, at t = 0, on a 32 · 32 grid using (a) a
central flux and (b) an upwind flux for quadratic basis functions and for different time steps.
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Fig. 5. The change in numerical energy E = Eh (39), relative to the numerical energy, E0, at t = 0, on a 32 · 32 grid using (a) a central
flux (29a) and (b) an upwind flux (29b) for quadratic basis functions and for different time steps.
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Table 10
Errors in nh for the rigid lid example at t = 8 using the upwind flux

k Th L1-error Order L2-error Order L1-error Order

1 8 · 8 3.18e � 01 – 1.19e � 01 – 1.97e � 01 –
16 · 16 8.14e � 02 1.97 3.79e � 02 1.65 8.88e � 02 1.15
32 · 32 1.92e � 02 2.09 8.70e � 03 2.12 2.45e � 02 1.86
64 · 64 4.80e � 03 2.00 2.13e � 03 2.03 6.23e � 03 1.97

2 8 · 8 7.28e � 02 – 3.76e � 02 – 4.49e � 02 –
16 · 16 8.73e � 03 3.06 5.21e � 03 2.85 8.45e � 03 2.41
32 · 32 1.12e � 03 2.97 6.90e � 04 2.92 1.25e � 03 2.75
64 · 64 1.41e � 04 2.98 8.78e � 05 2.97 1.61e � 04 2.96

3 8 · 8 1.36e � 02 – 5.70e � 03 – 1.09e � 02 –
16 · 16 1.08e � 03 3.66 7.19e � 04 2.99 1.70e � 03 2.68
32 · 32 5.73e � 05 4.23 4.33e � 05 4.05 1.89e � 04 3.17
64 · 64 3.46e � 06 4.05 2.61e � 06 4.05 1.33e � 05 3.83

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.

Table 11
Errors in nh for the rigid lid example at t = 8 using the central flux

k Th L1-error Order L2-error Order L1-error Order

1 8 · 8 7.07e � 01 – 1.95e � 01 – 2.36e � 01 –
16 · 16 2.35e � 01 1.59 6.93e � 02 1.49 7.46e � 02 1.66
32 · 32 3.85e � 02 2.61 1.24e � 02 2.48 2.75e � 02 1.44
64 · 64 7.34e � 03 2.39 2.57e � 03 2.27 7.03e � 03 1.97

2 8 · 8 3.05e � 01 – 8.15e � 02 – 7.71e � 02 –
16 · 16 3.40e � 02 3.17 1.01e � 02 3.01 1.28e � 02 2.59
32 · 32 4.28e � 03 2.99 1.23e � 03 3.04 1.55e � 03 3.04
64 · 64 5.41e � 04 2.98 1.58e � 04 2.96 2.46e � 04 2.66

3 8 · 8 3.71e � 02 – 1.04e � 02 – 1.30e � 02 –
16 · 16 4.26e � 03 3.12 1.27e � 03 3.03 2.02e � 03 2.68
32 · 32 2.38e � 04 4.16 7.05e � 05 4.17 1.88e � 04 3.42
64 · 64 1.34e � 05 4.15 4.09e � 06 4.11 1.33e � 05 3.83

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.

Table 12
Errors in wh for the rigid lid example at t = 8 using the upwind flux

k Th L1-error Order L2-error Order L1-error Order

1 8 · 8 4.48e � 01 – 2.19e � 01 – 2.55e � 01 –
16 · 16 1.18e � 01 1.92 7.31e � 02 1.58 1.30e � 01 0.97
32 · 32 2.98e � 02 1.99 1.84e � 02 1.99 4.01e � 02 1.70
64 · 64 7.45e � 03 2.00 4.60e � 03 2.00 1.06e � 02 1.92

2 8 · 8 8.51e � 02 – 5.13e � 02 – 7.47e � 02 –
16 · 16 9.18e � 03 3.21 5.68e � 03 3.18 1.08e � 02 2.79
32 · 32 1.12e � 03 3.03 6.99e � 04 3.02 1.34e � 03 3.02
64 · 64 1.42e � 04 2.99 8.80e � 05 2.99 1.68e � 04 3.00

3 8 · 8 1.36e � 02 – 5.92e � 03 – 1.06e � 02 –
16 · 16 1.07e � 03 3.67 7.49e � 04 2.98 1.90e � 03 2.49
32 · 32 5.71e � 05 4.23 4.36e � 05 4.10 1.98e � 04 3.26
64 · 64 3.46e � 06 4.05 2.62e � 06 4.06 1.37e � 05 3.85

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.
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Table 13
Errors in wh for the rigid lid example at t = 8 using the central flux

k Th L1-error Order L2-error Order L1-error Order

1 8 · 8 4.47e � 01 – 2.19e � 01 – 2.55e � 01 –
16 · 16 1.19e � 01 1.92 7.36e � 02 1.57 1.33e � 01 0.94
32 · 32 2.98e � 02 1.99 1.84e � 02 2.00 4.04e � 02 1.72
64 · 64 7.45e � 03 2.00 4.60e � 03 2.00 1.06e � 02 1.93

2 8 · 8 8.64e � 02 – 5.23e � 02 – 7.51e � 02 –
16 · 16 9.22e � 03 3.23 5.71e � 03 3.19 1.09e � 02 2.78
32 · 32 1.12e � 03 3.04 6.99e � 04 3.03 1.34e � 03 3.03
64 · 64 1.42e � 04 2.99 8.80e � 05 2.99 1.68e � 04 3.00

3 8 · 8 1.37e � 02 – 5.94e � 03 – 1.08e � 02 –
16 · 16 1.07e � 03 3.67 7.50e � 04 2.99 1.90e � 03 2.51
32 · 32 5.71e � 05 4.23 4.36e � 05 4.10 1.98e � 04 3.27
64 · 64 3.46e � 06 4.05 2.62e � 06 4.06 1.37e � 05 3.85

The L1-, L2- and L1-errors and orders of convergence for kth-order basis functions are shown.

Fig. 7. (a) Vorticity and (b) streamfunction field at t = 8 for the rigid lid example.
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8.3. Example 3: Rigid lid equations

Consider a modified solution of the Stuart vortex for the rigid lid equations (see Section 2 and Appendix
A.3). The left and right boundary (x = 0 and x = 2p) are periodic. On the upper boundary we prescribe a
value for the streamfunction, while at the lower boundary we prescribe a value of the circulation given by
(57). The solutions are seen to converge to O(hk) and O(hk+1) for the vorticity and streamfunction in Tables
10–13. Numerical results for the streamfunction and vorticity are shown in Fig. 7.
9. Summary and conclusion

To summarize, the following results have been obtained:

� A generalized (potential) vorticity streamfunction formulation was defined, including not only the
incompressible 2D Euler equations as in [9], but also the quasi-geostrophic and rigid lid equations. This
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formulation was shown to conserve energy and any weighted smooth function of the (potential) vortic-
ity. In particular, enstrophy is conserved.

� Multiply connected and curved domains were considered, requiring the introduction of circulation
around each connected piece of boundary and the use of isoparametric elements at curved boundaries
for higher-order spatial discretizations. Otherwise, only a restricted set of initial conditions can be con-
sidered, and higher-order accuracy cannot be obtained as any local reduction of accuracy due to impro-
per boundary elements affects the global solution of the streamfunction.

� The generalized system was discretized using a DG finite element method for the vorticity equation, and
a continuous Galerkin finite element method for the elliptic equation to determine the streamfunction.
Particular attention was paid to efficiently implement the circulation boundary condition, which requires
use of the modified function space (17).

� The implementation of the numerical method matched the properties of conservation of numerical
energy and enstrophy. Hence, the function space used in the continuous Galerkin discretization was a
subset of the discontinuous one: Wk

h � Vk
h, which was also implemented and tested numerically. It is

important to stress that for geophysical applications, preservation of at least energy and enstrophy is
required and generally accepted practice for long-time integrations.

� An implicit time discretization scheme was defined for which conservation of energy and stability of ens-
trophy for the system discretized in space and time was proven, but not tested numerically.

� Three exact solutions, one for each of the above geophysical applications, were used to verify the numer-
ical algorithm and implementation in curved and multiple connected domains. In these test cases, the
explicit third-order Runge–Kutta time discretization was used. Particular attention was paid to observe
the tendency towards energy conservation and L2-stability.

� In accordance with our error estimates, the scheme was shown to converge, often an order higher than
the O(hk) predicted by the analysis for kth-order basis functions.

Further work will consist of extending the mixed continuous and DG finite element formulation to bal-
anced equations in geophysical fluid dynamics (see, e.g. [12]), and simulations of localized nonlinear vorti-
cal flows around separatrices in complex, curved domains. In addition, a discontinuous (space-time)
Galerkin finite-element discretization of both hyperbolic and elliptic equations with energy and enstrophy
conservation and stability is of interest.
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Appendix A. Exact solutions

Exact solutions of (1) are given for the examples used in Section 8.

A.1. Stuart vortex

The Stuart vortex [15,6] is an exact stationary solution of the Euler equations (2) with:
nðx; y; tÞ ¼ 1=ða cosh y þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � 1

p
cos xÞ2 and ðA:1aÞ

wðx; y; tÞ ¼ log a cosh y þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � 1

p
cos x

� �
ðA:1bÞ
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with a P 1. The domain used in Section 8.1 is
X ¼ fðx; yÞ 2 R2 j 0 6 x 6 2p; K1 6 wðx; y; 0Þ 6 K2g ðA:2Þ
with Ki ¼ logðaci þ aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � 1

p
Þ for c1 > 0 and �2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � a

p
=a < c2 < 0. We took c1 ¼ �

ffiffiffi
5

p
=2, c2 = 2 and

a = 3/2. The left and right boundaries of the domain are periodic. The remaining parts of the boundary
consist of three connected parts:
oXup ¼ fðx; yÞ 2 X jy P 0; wðx; y; 0Þ ¼ K2g; ðA:3aÞ
oXdown ¼ fðx; yÞ 2 X jy 6 0; wðx; y; 0Þ ¼ K2g; ðA:3bÞ
oXin ¼ fðx; yÞ 2 X jwðx; y; 0Þ ¼ K1g: ðA:3cÞ
A.2. Traveling wave example

A traveling wave solution for the quasi-geostrophic equations (3) is:
nðx; y; tÞ ¼ �3 sinðx� ctÞ sinðyÞ � y=2; ðA:4aÞ
wðx; y; tÞ ¼ sinðx� ctÞ sinðyÞ: ðA:4bÞ
In Section 8.2, the wave speed c = 1/6, and A = B = 1 and D = �y/2.

A.3. Rigid lid example

An exact stationary solution of the rigid lid equations (4) has been constructed based on the Stuart vor-
tex. In (1), we take B = 0, D = 0 and
A ¼ 1=H ¼ a cosh y þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � 1

p
cos x: ðA:5Þ
The stationary solution of the system is now given by
nðx; y; tÞ ¼ �wðx; y; tÞ ¼ 1= a cosh y þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � 1

p
cos x

� �
ðA:6aÞ
with a P 0. In Section 8.3, a = 3/2. Note that the real velocity of the fluid (not the depth integrated veloc-
ity), given by ~u ¼ ð1=HÞ$?w, is equal and opposite to the velocity of the Stuart vortex solution given in
Section 8.1.
Appendix B. Proof of Theorem 11

In this appendix, we give a proof of the error estimate for the continuous–discontinuous Galerkin dis-
cretization for generalized vorticity dynamics, stated in Theorem 11.

We denote with X a bounded domain X � R2 with Lipschitz boundary oX. We define the Hilbert space
Hk(X) of k-times weakly differentiable functions which are square integrable, including all derivatives up to
the order k. The norm in Hk(X) is defined as kwkHkðXÞ ¼ ð

P
jaj6kkDawk2L2ðXÞÞ

1
2 and the semi-norm as

jwjHkðXÞ ¼ ð
P

jaj¼kkDawk2L2ðXÞÞ
1
2, with L2(X) = H0(X). Here Daw denotes the weak derivative of order |a| of

w with a the multi-index symbol, see [4, Section 1.2]. For clarity we use in this section kwkL2ðXÞ for the
L2 norm instead of iwiX used elsewhere in this paper. The space of essentially bounded functions is denoted
as L1(X) and is equipped with the norm kwkL1ðXÞ ¼ ess supðx;yÞ2Xjwðx; yÞj. For any nonnegative integer m,
Cm(X) denotes the space of all functions w which, together with all their partial derivatives Daw of order
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|a| 6 m, are continuous in X. For 0 < k 6 1, we define Cm;kðXÞ to be the subspace of CmðXÞ, with X the clo-
sure of X, consisting of those functions w for which for 0 6 a 6 m, Daw satisfies in X a Hölder condition of
exponent k, that is there exists a constant C such that
jDawðxÞ � DawðyÞj 6 Cjx� yjk; 8x; y 2 X:
Define the projection PK : Hkþ1ðXÞ7!Vk
h, with for each K 2 Th
ðPKv;w=AÞK ¼ ðv;w=AÞK ; 8w 2 Vk
h; ðB:1Þ
for which the following interpolation estimates are available:
kn� PKnkH1ðKÞ 6 CIh
kjnjHkþ1ð~KÞ; ðB:2Þ

kn� PKnkL2ðoKÞ 6 Chkþ1=2knkHkþ1ð~KÞ ðB:3Þ
with ~K the patch of elements which connect to an edge or a vertex of element K. For a proof of (B.2) and
(B.3), see Theorem 4.4 and Remark 8 in [2]. We also introduce the error in the vorticity and streamfunction,
� = n � nh and d = w � wh, respectively, and the projection of the vorticity error �h = PK� = PKn � nh.

The first step in the proof of Theorem 11 is to find a relation between the errors d and �. Using Theorem
5.6.8 in [4], we directly obtain a coercivity estimate for the bilinear form L defined in (19)
Lðw;wÞ P 1

2
A0kwk2H1ðXÞ � bkwk2L2ðXÞ; 8w 2 H 1ðXÞ ðB:4Þ
with A0 = ess inf{A(x,y) j (x,y) 2 X} > 0 and b P 1
2
A0 � B0, where B0 = ess inf{B(x,y) j (x,y) 2 X}.

If we subtract (22) from (18) then we obtain the following relation for the error in the streamfunction d:
Lðd;wÞ ¼ �ð�=A;wÞX; 8w 2 Wk
h: ðB:5Þ
Taking w = d in (B.5) and using the coercivity estimate for L, (B.4), we obtain
1

2
A0kdk2H1ðXÞ 6 Lðd; dÞ þ bkdk2L2ðXÞ

¼ �ð�=A; dÞX þ bkdk2L2ðXÞ ðB:6Þ
6 k�=AkL2ðXÞkdkL2ðXÞ þ bkdk2L2ðXÞ ðB:7Þ

6
1

2
k�=Ak2L2ðXÞ þ bþ 1

2

� �
kdk2L2ðXÞ: ðB:8Þ
In (B.6), we used the error equation (B.5), in (B.7) the Schwarz inequality and finally the arithmetic–geo-
metric mean inequality in (B.8).

The next step is to provide an error bound for the L2(X) norm of d. For this we consider the adjoint
equation
�$ � ðA$wÞ þ Bw ¼ / in X ðB:9Þ

with / 2 L2(X), and
n̂ � $w ¼ 0 at oX: ðB:10Þ

Then, for w 2 V, with V := H1(X) if B 6¼ 0 and V := {v 2 H1(X) j �XvdX = 0} if B = 0, we obtain
ðd;/ÞX ¼ �ðd;$ � ðA$wÞÞX þ ðd;BwÞX ¼ Lðd;wÞ: ðB:11Þ

In (B.11) we use, respectively, (B.9), integrate by parts and apply the boundary condition (B.10). If we add
now (B.5), where we denote w 2 Wk

h as wh, and (B.11) then we obtain
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ðd;/ÞX ¼ Lðd;w� whÞ þ ð�=A;w� whÞX � ð�=A;wÞX
6 CABkdkH1ðXÞ inf

v2Wk
h

kw� vkH1ðXÞ þ k�=AkL2ðXÞ inf
v2Wk

h

kw� vkL2ðXÞ þ k�=AkL2ðXÞkwkL2ðXÞ

6 CABCIhkdkH1ðXÞkwkH2ðXÞ þ k�=AkL2ðXÞðCIh
2 þ 1ÞkwkH2ðXÞ ðB:12Þ
with CAB ¼ maxðkAkL1ðXÞ; kBkL1ðXÞÞ and we used the Schwarz inequality in the second step, and finally the
interpolation estimate Theorem 4.4.20, p. 109 in [4] with constant CI. An upper bound for kwkH2ðXÞ can be
obtained using the fact that the differential operator in (B.9) is strongly elliptic, the related bilinear form L

in (19) is a symmetric and coercive bilinear form on H1(X), see (B.4), and using the regularity estimate given
by Theorem 4.18(ii), pp. 137–138 in [11], where we assume that A;B 2 Cm;1ðXÞ with m P 0. This, together
with the boundary condition (B.10), implies that
kwkHmþ2ðX1Þ 6 CkwkH1ðX2Þ þ Ck/kHmðX2Þ; m P 0; ðB:13Þ
where X1 = G1\ X, X2 = G2\X, with G1 and G2 open subsets of R2 such that G1 is a compact subset of G2.
Here, G1 intersects the boundary of X and G2 has a smooth boundary not necessarily completely contained
in X. An estimate for kwkH1ðXÞ satisfying (B.9) together with the boundary condition (B.10) can be obtained
directly from Theorem 4.10(i), pp. 128–129 in [11]. Introducing this result into (B.13) we obtain
kwkHmþ2ðXÞ 6 CRk/kHmðXÞ; m P 0; 8w 2 V ; ðB:14Þ
where we used that X can be covered by a finite number of sets X1.
If we insert (B.14), with m = 0, into (B.12) and set / equal to d, then we obtain the estimate
kdkL2ðXÞ 6 CICRCABhkdkH1ðXÞ þ ðCIh
2 þ 1ÞCRk�=AkL2ðXÞ: ðB:15Þ
Next, we combine (B.8) and (B.15) and use the arithmetic–geometric mean inequality which results in
1

2
A0kdk2H1ðXÞ 6

1

2
þ ð2bþ 1ÞC2

RðCIh
2 þ 1Þ2

� �
k�=Ak2L2ðXÞ þ ð2bþ 1ÞC2

IC
2
RC

2
ABh

2kdk2H1ðXÞ: ðB:16Þ
Assume now that the mesh size h 6 h0, with ð2bþ 1ÞC2
IC

2
RC

2
ABh

2
0 ¼ 1

4
A0, or equivalently
h0 ¼
ffiffiffiffiffi
A0

p

CICRCAB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð2bþ 1Þ

p ;
which is the condition on h0 stated in Remark 13, then we obtain the following relation between the errors d
and �:
kdkH1ðXÞ 6
2ffiffiffiffiffi
A0

p 1

2
þ ð2bþ 1ÞC2

RðCIh
2
0 þ 1Þ2

� �1
2

k�=AkL2ðXÞ ¼ CEk�=AkL2ðXÞ: ðB:17Þ
Note, if bþ 1
2
6 0 in (B.16), or equivalently B0 P 1

2
A0 þ 1

2
, then 1

2
A0 � ð2bþ 1ÞC2

IC
2
RC

2
ABh

2 P 0 and there is
no restriction on the minimum mesh size h0 anymore, which proves Remark 14.

Consider now the error in the vorticity. Subtract (30) from (25) and use (1b), then the error equation for
the vorticity is equal to
ðot�=A; vÞK ¼ ðn$?w� nh$
?wh;$vÞK � ðn$?w � n̂� n̂h$

?wh � n̂; v�ÞoK ; 8K 2 Th; 8v 2 Vk
h;

ðB:18Þ
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where the superscripts � and + in this section refer to the trace at the element boundary oK taken from the
inside and outside of the element, respectively. Take v = �h and use that (ot�/A,v)K = (ot�h/A,v)K for each
v 2 Vk

h and K 2 Th to obtain
1

2

d

dt
ð�h=A; �hÞX ¼

X
K2Th

n$?w� nh$
?wh;$�h

� �
K
�
X
K2Th

n$?w � n̂� n̂h$
?wh � n̂; ��h

� �
oK
: ðB:19Þ
Rewriting the first term on the right-hand-side of (B.19) results in
X
K2Th

n$?w� nh$
?wh;$�h

� �
K
¼
X
K2Th

n$?dþ �$?wh;$�h
� �

K

¼
X
K2Th

n$?d;$�h
� �

K
þ �$?wh;$�
� �

K
� �$?wh;$ðn� PKnÞ
� �

K

� �
¼
X
K2Th

� �h$
?d;$n

� �
K
þ n��h ;$

?d � n̂
� �

oK
þ 1

2
ð��Þ2;$?wh � n̂
� �

oK

�

� �$?wh;$ðn� PKnÞ
� �

K


: ðB:20Þ
Plugging this result into (B.19) gives
1

2

d

dt
ð�h=A; �hÞX ¼ �ð�h;$?d � $nÞX �

X
K2Th

�;$?wh � $ðn� PKnÞ
� �

K

þ
X
K2Th

��h n;$
?d � n̂

� �
oK

þ 1

2
ð��Þ2;$?wh � n̂
� �

oK
� n$?w � n̂� n̂h$

?wh � n̂; ��h
� �

oK

� 
:

ðB:21Þ

Define �̂ ¼ n� n̂h and rewrite the boundary terms in (B.21) as follows:
X

K2Th

��h n;$
?d � n̂

� �
oK

þ 1

2
ð��Þ2;$?wh � n̂
� �

oK
� n$?w � n̂� n̂h$

?wh � n̂; ��h
� �

oK

� 

¼
X
K2Th

1

2
ð��Þ2 � ���̂;$?wh � n̂

� �
oK

þ
X
K2Th

�̂ðn� ðPKnÞ�Þ;$?wh � n̂
� �

oK
ðB:22Þ
to obtain
1

2

d

dt
ð�h=A; �hÞX ¼ � �h;$

?d �$n
� �

X|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
ðAÞ

�
X

K2Th
�;$?wh �$ðn�PKnÞ
� �

K|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðBÞ

þ
X

K2Th

1

2
ð��Þ2� ���̂;$?wh � n̂

� �
oK|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðCÞ

þ
X

K2Th
�̂ðn�ðPKnÞ�Þ;$?wh � n̂
� �

oK|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðDÞ

: ðB:23Þ
Now, we evaluate the terms (A), (B), (C) and (D) separately. For (A), we apply the Schwarz inequality, the
relation k$?dkL2ðXÞ ¼ k$dkL2ðXÞ and use (B.17), with � = �h + n � PKn, followed by the arithmetic–geometric
mean inequality
ð�h;$?d � $nÞX 6 k$nkL1ðXÞk�hkL2ðXÞk$dkL2ðXÞ

6 CEk$nkL1ðXÞk�hkL2ðXÞ k�h=AkL2ðXÞ þ kðn� PKnÞ=AkL2ðXÞ
� �

6 Ck$nkL1ðXÞ
3

2
k�hk2L2ðXÞ þ

1

2
kn� PKnk2L2ðXÞ

� �
: ðB:24Þ
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For (B), we use the regularity estimate Theorem 4.18(i), pp. 137–138 in [11]. Together with the boundary
condition w = cD(t) at oXD (7), and the condition A;B 2 Cm;1ðXÞ, this implies that
kwkHmþ2ðX1Þ 6 CkwkH1ðX2Þ þ CknkHmðX2Þ þ cDðtÞ
Z
C2

dS
� �1

2

; m P 0 ðB:25Þ
with C2 = oX \ X2. An estimate for kwkH1ðXÞ satisfying (19)–(20) together with the boundary condition (7)
can be obtained directly from Theorem 4.10 (i), pp. 128–129 in [11]. Introducing this result into (B.25) to-
gether with the inequality showing that cD(t) is bounded in terms of the vorticity (see [16]) we obtain
kwkHmþ2ðXÞ 6 CknkHmðXÞ; m P 0; 8w 2 V ; ðB:26Þ
where we used that X can be covered by a finite number of sets X1. Since H
2(X) is embedded in L1(X) (The-

orem 4.12 [1], p. 85) and using the regularity estimate (B.26) this also implies
k$?whkL1ðXÞ 6 k$?dkL1ðXÞ þ k$?wkL1ðXÞ 6 k$?dkL1ðXÞ þ CkwkH3ðXÞ

6 k$?dkL1ðXÞ þ CknkH1ðXÞ ðB:27Þ
for A;B 2 C1;1ðXÞ. We also have the relation
k$?dkL1ðXÞ ¼ k$ðw� whÞkL1ðXÞ 6 k$ðw� PXwÞkL1ðXÞ þ k$ðPXw� whÞkL1ðXÞ

6 ChjwjH3ðXÞ þ Ch�1k$ðPXw� whÞkL2ðXÞ

6 ChknkH1ðXÞ þ Ch�1 k$dkL2ðXÞ þ k$ðw� PXwÞkL2ðXÞ
� �

6 ChknkH1ðXÞ þ Ch�1kdkH1ðXÞ; m P 0; h > 0 ðB:28Þ
with PX a global Lagrangian interpolant. In the second inequality, we use a standard interpolation estimate
for PX (Theorem 4.4.20 in [4]) and an inverse inequality (Theorem 4.5.11 in [4]). Next, we use the regularity
estimate (B.26) and the triangle inequality, and, finally, for k$ðw� PXwÞkL2ðXÞ the interpolation estimate
Theorem 4.4.20 in [4] and (B.26) again. Combining (B.27) and (B.28) and using (B.17), we obtain the
estimate
k$?whkL1ðXÞ 6 C knkH1ðXÞ þ
1

h
k�kL2ðXÞ

� �
; 0 < h 6 1
and apply the Schwarz inequality to obtain
X
K2Th

�;$?wh � $ðn� PKnÞ
� �

K
6

X
K2Th

k$?wkL1ðKÞk�kL2ðKÞk$ðn� PKnÞkL2ðKÞ

6 CknkH1ðXÞ

X
K2Th

k$ðn� PKnÞkL2ðKÞ k�hkL2ðKÞ þ kn� PKnkL2ðKÞ
� �

þ C
X
K2Th

1

h
k�hkL2ðKÞ þ kn� PKnkL2ðKÞ
� �2

k$ðn� PKnÞkL2ðKÞ

6 CknkH1ðXÞ

X
K2Th

k�hk2L2ðKÞ þ kn� PKnk2H1ðKÞ

� �
þ C

X
K2Th

hk�1knkHkþ1ðKÞ k�hk2L2ðKÞ þ kn� PKnk2L2ðKÞ
� �

6 CknkHkþ1ðXÞ

X
K2Th

k�hk2L2ðKÞ þ kn� PKnk2H1ðKÞ

� �
; k P 1; 0 6 h 6 1;

ðB:29Þ
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where the geometric mean inequality and the interpolation estimate (B.2) are used in the third step. For (C),
we use the stability condition (28) and the relation �̂ ¼ ��� ðn̂h � �nhÞ with �nh ¼ ð1=2Þðnþh þ n�h Þ and
�� ¼ ð1=2Þð�þ þ ��Þ to obtain
X

K2Th

1

2
ð��Þ2 � ���̂;$?wh � n̂

� �
oK

¼ � 1

2

X
K2Th

���þ;$?wh � n̂
� �

oK|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼0

þ
X
K2Th

��ðn̂h � �nhÞ;$?wh � n̂
� �

oK

¼ 1

2

X
K2Th

�� � �þð Þðn̂h � �nhÞ;$?wh � n̂
� �

oK

¼ 1

2

X
K2Th

nþh � n�h
� �

ðn̂h � �nhÞ;$?wh � n̂
� �

oK
6

(28)
0: ðB:30Þ
For estimating (D), we use that for the upwind flux (29b) and central flux (29a) the following holds
k�̂kL2ðoKÞ 6 Cðk��kL2ðoKÞ þ k�þkL2ðoKÞÞ. Also using the trace theorem k$?whkL1ðoKÞ 6 Ck$?whkL1ðKÞ and the
Schwarz inequality (D) then becomes
X

K2Th

�̂ðn�ðPnÞ�Þ;$?wh � n̂
� �

oK
6C

X
K2Th

k$?whkL1ðKÞkn�ðPKnÞ�kL2ðoKÞk�̂kL2ðoKÞ

6C
X
K2Th

knkH1ðKÞ þ
1

h
k�kL2ðKÞ

� �
kn�ðPKnÞ�kL2ðoKÞ

� k�þkL2ðoKÞ þk��kL2ðoKÞ
� �

6CknkHkþ1ðXÞ

X
K2Th

kn�ðPKnÞ�kL2ðoKÞ þhk�
1
2 k�hkL2ðKÞ þkn�PKnkL2ðKÞ
� �� �

� k�þh kL2ðoKÞ þkn�ðPKnÞþkL2ðoKÞ þk��h kL2ðoKÞ þkn�ðPKnÞ�kL2ðoKÞ
� �

ðB:31Þ
with h 6 1. In the last step we used the interpolation inequality (B.3). Assuming that the mesh is quasi uni-
form, we can combine Lemma 4.5.3 in [4] and Theorem 1.6.6 in [4] to obtain the following inverse
inequality:
kv�kL2ðoKÞ 6
Cffiffiffi
h

p kvkL2ðKÞ; 8v 2 Vk
h:
Applying this estimate for v = �h to (B.31) and using the arithmetic–geometric mean inequality results, un-
der the condition 0 6 h 6 1 and k P 1, in
X

K2Th

�̂ðn�ðPKnÞ�Þ;$?wh � n̂
� �

oK
6CknkHkþ1ðXÞ

X
K2Th

1

h
kn�ðPKnÞ�k2L2ðoKÞ þkn�ðPKnÞ�k2L2ðKÞ þk�hk2L2ðKÞ

� 
:

ðB:32Þ

Combining the above estimates for (A), (B), (C) and (D), plugging them into (B.23), and using the inter-
polation estimates (B.2) and (B.3) results in
1

2

d

dt
k�hk2L2ðXÞ 6 C sup

t2½0;T �
k$nð�; tÞkL1ðXÞ; knð�; tÞkHkþ1ðXÞ

� �
k�hk2L2ðXÞ þ h2kknk2Hkþ1ðXÞ

� �
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with kP 1 the polynomial order of the basis functions and 0 6 h 6 1. Now we use the Gronwall inequality,
which states that if y P 0 satisfies dy(t)/dt 6 C(y(t) + h(t)) for 0 6 t 6 T with C a constant, h(t)P 0 and
h 2 L1([0,T]) then yðtÞ 6 expðCT Þfyð0Þ þ

R T

0
hðsÞ dsg. Hence, we find for t 2 [0,T] that
with
k�hk2L2ðXÞ 6 exp CT sup
t2½0;T �

ðk$nð�; tÞkL1ðXÞ; knð�; tÞkHkþ1ðXÞÞ
 !

k�hk2L2ðXÞ
h i

t¼0
þ h2k

Z T

0

knð�; tÞk2Hkþ1ðXÞ dt
� �

;

k P 1:
If we apply for each element K 2 Th the projection PK given by (B.1) to the initial condition and use the
interpolation estimate (B.2) then
k�hkL2ðXÞ
h i

t¼0
6 Chkknð�; 0ÞkHkðXÞ
with k P 1, and thus for t 2 [0,T] we obtain
k�hkL2ðXÞ 6 Chk exp CT sup
t2½0;T �

ðk$nð�; tÞkL1ðXÞ; knð�; tÞkHkþ1ðXÞÞ
 !

knð�; 0Þk2HkðXÞ þ
Z T

0

knð�; tÞk2Hkþ1ðXÞ dt
� �1

2

;

k P 1:
The error in the vorticity can now be estimated using the relation
k�kL2ðXÞ 6 k�hkL2ðXÞ þ kn� PKnkL2ðXÞ 6 k�hkL2ðXÞ þ hk sup
t2½0;T �

knð�; tÞkHkþ1ðXÞ; ðB:33Þ
where in the second step we use the interpolation estimate (B.2). An estimate for the total error is obtained
by combining (B.17) and (B.33) and using (1b), viz.,~u ¼ A$?w,~uh ¼ A$?wh, which implies k~u�~uhkL2ðXÞ 6
Ckw� whkH1ðXÞ ¼ CkdkH1ðXÞ, and completes the proof. h

The proof of Corollary 12 follows directly from (B.28).
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